Finding a maximally correlated state - Simultaneous Schmidt decomposition of 

bipartite pure states 
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We consider a bipartite mixed state of the form, p = Y^, a g_ x a a g \if>a) {ipp\, where \ip a ) are nor- 
malized bipartite state vectors, and matrix (a a p) is positive semidefinite. We provide a necessary 
and sufficient condition for the state p taking the form of maximally correlated states by a local uni- 
tary transformation. More precisely, we give a criterion for simultaneous Schmidt decomposability 
of \tp a ) for a = 1, 2, ••• ,1. Using this criterion, we can judge completely whether or not the state 
p is equivalent to the maximally correlated state, in which the distillable entanglement is given by 
a simple formula. For generalized Bell states, this criterion is written as a simple algebraic relation 
between indices of the states. We also discuss the local distinguishability of the generalized Bell 
states that are simultaneously Schmidt decomposable. 

PACS numbers: 03.67.-a, 03.67.Mn 



The quantum entanglement is well acknowledged to be 
a physical resource in various types of quantum informa- 
tion processing such as quantum cryptography, quan- 
tum dense coding, quantum teleportation, and quantum 
computation. Therefore, quantifying entanglement is one 
of the most important issues in quantum information the- 
ory. The entanglement measure for the bipartite pure 
states is well established. However, our understanding of 
entanglement properties of multipartite pure states and 
general mixed states is still far from satisfactory. There- 
fore, exploiting symmetry of entangled states is an ef- 
fective method to investigate their entanglement prop- 
erties qualitatively as well as quantitatively 0, 0, 0- 
Restricted to bipartite mixed states, several symmetric 
states have beenproposed and investigated, such as Bell 
diagonal states [jj, Werner states 0, and isotropic states 
• Among them, a maximally correlated state ]j| on the 
composite Hilbert space Ha <8> Hb of the form 



min{dA,d B } 

PMC = ^ ' 

j,k=l 



jk \jj) (kk\ 



(1) 



has significant entanglement properties. Here, cZa(b) = 
dimH A (B), and \jj) denotes \ja) ® \jb) with \ja(b)) be- 
ing an orthonormal basis in Ha(b)- A salient feature is 
that the distillable entanglement Ed 5] of the maximally 
correlated state is given by the following simple formula, 



Ed(pmc) — Ia(pmc) = Ib(Pmc), 



(2) 



where I A {b){p) = S(PA(b)) ~ S(p), p A (B) = ^'b(A)P, 
and S(p) = — Trplog 2 p denotes the von Neumann en- 
tropy of p. Even in the aforementioned symmetric states 
other than the maximally correlated state, the formulae 
of the distillable entanglement are not known. The for- 
mula [Eq. (J2J] is due to the recently established hashing 
inequality that gives the lower bound for the distillable 



entanglement Eo{p) > max{0, Ia(p), Ib(p)}, and to 
the well known fact that the relative entropy of entangle- 
ment E R {p) M, is an upper bound for Eo{p) |l2|. 
The relative entropy of entanglement for the maximally 
correlated state is calculated as Er{pmc) = Ia(pmc) = 
Ib(pmc) S so that Eq. (0) follows. 

In this paper, we introduce a notion of simultaneous 
Schmidt decomposition of a set of bipartite pure state 
vectors. A necessary and sufficient condition for the 
simultaneously Schmidt decomposability is given. We 
show that a certain class of bipartite mixed states com- 
posed of simultaneously Schmidt decomposable vectors 
can be cast in the maximally correlated states by local 
unitary transformation. Because the distillable entan- 
glement of maximally correlated sates is given explicitly, 
the simultaneous Schmidt decomposition is expected to 
be a useful tool in the distillation problems related with 
maximally correlated states. We explore several bipartite 
mixed states in light of the condition of simultaneous 
Schmidt decomposability. Furthermore, for generalized 
Bell states, this condition is shown to be a simple alge- 
braic relation between indices of the states. Finally we 
discuss the local distinguishability of the generalized Bell 
states that are simultaneously Schmidt decomposable. 

Let us consider a bipartite mixed state of the form, 



a "/3 IV'a) (#| 



(3) 



a, 0=1 



where \ip a ) are normalized bipartite state vectors in 
TLa®7~Lbi and matrix (a Q| g) is positive semidefinite. The 
vectors \ip a ) do not need to be pairwise orthogonal. Here, 
if all \ip a ) are written as the following form, 



-i{d A ,d B } 



Ha) 



\k A ) ® \k t 



(4) 



k=l 



2 



then the density matrix p takes the form of Eq. with 

a jk = J2L 8=1 Qapbj^b^*. Namely, the state p is the 
maximally correlated state. 

Even though the coefficients in the right hand side 
of Eq. @ are generally complex numbers, we call the de- 
composition of Eq. the Schmidt decomposition of \ip a )- 
In the usual definition 0, the expansion coefficients in 
the Schmidt decomposition must be positive. However, 
even when they are complex, their phase factor can be 
absorbed in the basis vectors making all coefficients real. 
Therefore, the definition here is essentially same as the 
usual one for a single state vector. However, in this pa- 
per, we have occasion to decompose more than one state 
vector in the form of Eq. Q with common biorthonormal 
bases so that coefficients b^ cannot be real in general 
even if such a decomposition is possible. We call the 
decomposition of this type simultaneous Schmidt decom- 
position. 

First of all we report the following theorem. 
Theorem: We associate a x 4 matrix, 



j=i k=i 



(5) 



with a bipartite state vector, 



d,A <1e 



j=X k=l 



If (A) all matrices *f> a ^g (a, (3 — 1, 2, • • • , I) are pairwise 



commutative, then ^ a Wa can be written as 



(«,/3) 



(7) 



isfy 



1*3 



with \v^) being an orthonormal basis in Ha- Further- 
more, if (B) the expansion coefficients in Eq. J7|) sat- 

= pf' a) pf' m for a, (3 = 1,2,- •• ,1, then 

the vectors \ip a ) (a — 1,2, ■■■ ,1) are simultaneously 
Schmidt decomposable. Conversely, if the vectors \ip a ) 
(a = 1, 2, • • • , I) are simultaneously Schmidt decompos- 
able, then conditions (A) and (B) are satisfied. 

Proof of Theorem: The second part (the converse part) 
of Theorem is obvious. The proof of the first part is as 
follows. From the first condition (A), ^ a ^\, */3*q = 
0, we have 



(8) 



That is, is a normal matrix and is therefore diag- 

onalizable by an appropriate unitary matrix [13J . Fur- 
thermore, all normal matrices SS? a '*S?'J 3 are pairwise com- 
mutative so that they are diagonalizable by the common 



unitary matrix |X4j | . Therefore, we have 



(9) 



for a, /3 = 1, 2, • • • ,1, where \vf) is an orthonormal basis 
in Ha- Now, let p( Q >^) be a projection operator onto 
W {,<x,8) = supp n supp ^ 0^ Her6i supp (^,f ) 

denotes {\v) ; M \v) ^0}. From Eq. © for (3 = a, 



(o,a)p(a,/3) /„(«) 



>(»!■ 



(10) 



with 



,(«) 



being an orthonormal basis in TLb- Similarly, 



E 



(/3,/3) p (a,/3) L,4 



(/3) 



(11) 



with 



,(M 



being an orthonormal basis in TLb- From 



Eqs. (TJJ and l|HJ). we have 
p(».«* a *tp(«,/9) = £ 



(a,a)„(/3,/3) / (a) 



(12) 



(6) From Eqs. © and lfT2T) . we obtain 



^3 



(13) 



Here, from the second condition (B), 



1, i.e. 



wj' 3 ^ is the same as 



,(«) 



,f>) 



,(<*) 



apart from the 



basis, \vf) ® 
then 



3 

,(<*) 



/3 

with 



phase factor e'J~^4'P , Therefore, vectors p( Q ^) \ip a ) and 
p(ot,p) ^pp^ are expanded with the common biorthogonal 

' j Q) ). if supp (*t) n supp (*t) = 

with jwj 1 ) e supp and 
\vf, ) € supp (^jjj must be orthogonal to each other; 

otherwise ^a^p would not be the form of Eq. @. Thus, 
all \tp a ) are written as the simultaneously Schmidt de- 
composed form. This completes the proof of Theorem. 

■ 

In the following, we examine the above described 
conditions with some examples. The first exam- 
ple is a set of two state vectors in a 4 ® 4 sys- 
tem: = (|00) + |12) + |21))/V3 and |^ 2 ) = 
(|13) + |21> + |33))/V3. We can readily see that 
these two vectors cannot be written as the simul- 
taneously Schmidt decomposed form because 1 12) in 
\ipi) and 1 13) in \ip2) cannot be cast in the same 
form by a unitary transformation. A direct computa- 
tion yields * x *t = (|q a ) (0 A | + \l A ) (U| + \2 A ) {2 A \) A 



3 



|1a) (1a I + \2a) (2j4.| + |3ji) (3yi|) /3, and This can be seen as follows. Suppose that condition (A) 



= qj 2 y\ = q 2a ) (2a |) /3. Therefore, condition (B) 



is violated ( 



1,2) 



(2,1) 



(1,1),, (2,2) 
Pi 



1/9 



for |ja) = | 1a) ) even though condition (A) is still satis- 
fied. 

The second example is again a set of 
two state vectors in a 4 ® 4 system [Isj : 
= (|ll)-|12)-|21) + |22))/2 and |V> 2 > = 
(2 1 00) + |H) + 1 12) + |21) + |22) + 2 |33>) /yT2. Eisert 
e£ showed by explicit calculations that the distil- 
lable entanglement of the statistical mixture of these 
two pure states, a = (1/4) (^i| + (3/4) |^a) (V>2 1 
is exactly the relative entropy of entanglement of 
a |l5j . The state cr is indeed a maximally corre- 
lated state. It is easy to show ^i^I = \vf) { v &\ 



|<> «| + |<) K| + |^> <^|) A and 



= * 2 *I = with |<) = |0 A ), K) = |3 A ), 
K) = + |2a)) /\/2, and \vf) = (|1 A ) - |2 A )) fy/2. 
Therefore, conditions (A) and (B) are satisfied, and the 
vectors l^i) and \tp2) can be written as the simultane- 
ously Schmidt decomposed form: |-0i) = Ji^)® jfj 3 ) and 



) = |3i 



II 



, where \vf) = |0 B ), 
B ) + |2 B ))/V2, and 



K) = (|1 B )-|2 B ))/V2. 

A generalized Bell diagonal state or, more generally, 
a mixed state of the form of Eq. © with \ip a ) (a = 
1, 2, • • • , I) being generalized Bell states is of particular 
interest. The generalized Bell states in a d (£> d system 
are defined as 



(d) 



(Z n <g> A" 



(14) 



, d — 1 , where 



for n, to = 0,1, 

^-1/2 (gi \k), and unitary matrices A and Z are 

defined by X \k) = \k - 1 (modd)) and Z|fc) = wHfc) 
for A; = 0, 1, • • • , d - 1 with w d = exp {2n^f-i/d) fig . 
These vectors are pairwise orthogonal maximally entan- 
gled states. It is easy to show the following relation, 



XZ = uj d ZX. 
The associated matrices are calculated as 
1 d ~ l 1 

* w = -^z™ y I*) (fci x m = — z n x r 

Vd t^ 



From Eq. H16[l. we have 

#(<*)#(<*)! - 

nm nm 



nrn nrn j i 



(15) 



(16) 



(17) 



where I is the d x d identity matrix. 

Condition (B) is always satisfied for a given set of the 



generalized Bell states 



(a — 1, 2, • • • , I) pro- 



vided that condition (A) is satisfied for these vectors. 



is satisfied. Then, *„„ m „ vE^m^, - i , , 



M> ,t,W - Ej=i \ v f) (vf\, 
where \v^) is an orthonornal basis in TLa- Therefore, 

t d 

$(<ot V _ VlA-l 2 It^Wt;^, 

^ n a m a ^ npvfip \ ^ n a m a ^ npmp J / t V v 3 I I J / \ J I ' 

3=1 

(18) 

Because of Eq. (JT7I), the left-hand side of Eq. JTSJ) is I/d 2 . 
Thus | Aj | = 1/d. Furthermore, due to Eq. (fTTf> . 



(19) 



3=1 



Consequently, condition (B) is satisfied. We thus have to 

check only condition (A) to find a set of vectors ipn^rr 

(a = 1, 2, • • • , I) that can be written as a simultaneously 
Schmidt decomposed form. 

Condition (A) is rewritten as an algebraic relation be- 



tween pairs of indices (n, to) of 
and l|16fl . we obtain 



V nm 



Using Eqs. 



i&(<0 vl/Wt m(d) v&( d )t 

n a m a npmp' n^m-, n$ms 

,— 9 —n a (m a —m8)—n- f (m~ / —m5) 
d 0J r , 



-in a 



-n^)(m 7 — ms) — (r. 



i«)(r. 



xA r 



-m^+m 7 -m,5^n a -f(^ +n-y — 



(20) 



Therefore, \E , nl ) m Q v E , n /3 r. ■ , <i -m • „ ,„ 



v(d)t 



and * 



commute 



each other if and only if (n a — np)(m~ — m$) = (rt 7 — 
n s)( m a — Trip) (modd) holds or, equivalently, there ex- 
ist integers p and g (p / or 5 ^ 0) satisfying 
p(n a — np) + q{m a — mp) = (mod d) and p{n~ ( — rig) + 

q(m 1 — ms) = (modd). Therefore, vectors ipr?}™,^ 

(a = 1, 2, • • • , I) are simultaneously Schmidt decompos- 
able if and only if for any two elements (n, m) and (pf , m!) 
in {(n a , m a )} v there exist integers p and q (p 7^ or 
q 7^ 0) satisfying 



p(n — n) + q(m — m) = (mod d). 



(21) 



This is equivalent to the following condition (A'): There 
exist integers p, q, and r (p 7^ or q 7^ 0) satisfying 



pn a + qm a = r (mod d) 



(22) 



for all a = 1, 2, • • • , I. 

From the above condition, we can find a set of gen- 
eralized Bell states that are simultaneously Schmidt de- 
composable. For example, any two independent gener- 
alized Bell states are simultaneously Schmidt decompos- 
able. This is because it is always possible to find in- 
tegers p and q (p 7^ or q 7^ 0) satisfying Eq. f?T|) 
for any two index pairs (n, m) and (n',m'). There- 
fore, the generalized Bell diagonal states of rank 2, p = 



4 



A 



+ (i-A) ,)(V> 

take the form of maximally correlated states by local uni- 
tary transformation. The distillable entanglement of this 
state is therefore given by -Eo(p) = log 2 d — S(p). This 
is the generalization of the known result that the distil- 
lable entanglement of Bell diagonal states of rank 2 is 
given by 1 — S(p) 5]. More generally, the mixed state 

also takes the form of 



with < A < 1 are transformed into (HqZ t 



p 



E 2 



(3=1 a af3 



rb {d) 



maximally correlated states by local unitary transforma- 
tion. 

More than two vectors taken from the set of general- 
ized Bell states of Eq. ()14|l do not always satisfy condi- 
tion (A) or (A'). For example, in a 3 ® 3 system, we 
have only 12 sets of three independent vectors that sat- 
isfy condition (A'). In a 4 <g) 4 system, we have 112 sets 
of three independent vectors and 28 sets of four inde- 
pendent vectors, both of which satisfy condition (A'). 
In a 5 ® 5 system, we have 300 sets of three indepen- 
dent vectors, 150 sets of four independent vectors, and 
30 sets of five independent vectors, all of which satisfy 
condition (A'). These numbers are easily computed by 
utilizing commercially available mathematics software. 
In particular, the following special sets of index pairs, 
{(n, fn + g {modd))} n Z} Q and {(/to + g (modd), m)} d ~= 
satisfy condition (A'), where / and g are arbitrary in- 
tegers. Therefore, for example, the statistical mix- 



ture of 



W d) 



r/im 
</■• nrn 



ib {d) 



(m = 0, 1, • • • , d — 1) or that of 
0, 1, • • • , d— 1) takes the form of maxi- 



mally correlated states. This has been previously pointed 
out in |l6ul7| . More than d generalized Bell states cannot 
be simultaneously Schmidt decomposable. If this is the 
case, we could construct a maximally correlated state of 
rank d'(> d), which contradicts the obvious fact that the 
rank of the maximally correlated states cannot exceed d. 

It should be noted that the generalized Bell states 
which are simultaneously Schmidt decomposable can be 
distinguished deterministically by local operations and 
classical communication (LOCC) |l9|. This can be seen 
as follows [20j . Suppose that Alice and Bob share a set of 

simultaneously Schmidt decomposable vectors V'Sna / 
(a = 1, 2, • • • , I). They can always find a local unitary 
transformation U a <8> Ub such that 



(U A ® U B ) tfi 



= ^X>1M*>®I*> 



fc=0 



(d)\ 



(23) 



In Eq. 1)23(1 . all r a are different; otherwise all of the vec- 
tors given by Eq. ll'-'il) would not be pairwise orthog- 
onal. Next, Alice and Bob perform unitary transfor- 
mations Hq and Hq, respectively, where Hq is defined 



by (H ) jk = d- x l\ 



-jk 



Therefore, vectors 



ti (d) 



written as [HoZ ra H { 



which can be 

All of these vectors are distinguishable by projecting 
measurements in the basis \k) (k = 0, 1, • • • , d — 1) on 
both sides followed by classical communication. There- 
fore, condition (A') provides a sufficient condition for 
generalized Bell states being deterministically distin- 
guished by LOCC. Note that this condition is generally 
weaker than that given in [2l| . 

In conclusion, we introduced the notion of simultane- 
ous Schmidt decomposition and gave the necessary and 
sufficient condition or criterion for simultaneous Schmidt 
decomposability. Using this criterion, we can judge com- 
pletely whether or not a bipartite mixed state [Eq. Q] is 
equivalent to the maximally correlated state. For gener- 
alized Bell states, a simple algebraic criterion was found 
for simultaneous Schmidt decomposability. It is also a 
sufficient condition for deterministic LOCC distinguisha- 
bility of the generalized Bells states. 
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